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T H E O R Y  WHICH CA N  B E  R E D U C E D  T O  A D I F F E R E N T I A L  E Q U A T I O N  WITH 

AN A R B I T R A R Y  P A R A M E T E R  A S S O C I A T E D  WITH THE L E A D I N G  D E R I V A T I V E  
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The asymptotic properties of the solutions of a fourth-order differen- 
tial equation with an arbitrary parameter associated with the leading 
derivative are investigated, tt is shown that the similarity of the as- 
ymptotic forms is independent of the value of the parameter associated 
with the leading derivative when the coefficient of the second deriva- 
tive has zeros. 
The influence of longitudinal current, a finite ion Larmor radius and 
ion-ion viscosity on the stability of a plasma in a magnetic field are 
considered, and the stabilizing effect of ion rotation in the magnetic 
field is also determined. 

L It  i s  w e l l  k n o w n  t h a t  in  t h e  i n v e s t i g a t i o n  of  t h e  
o s c i l l a t i o n  s p e c t r a  i n  o r d i n a r y  h y d r o d y n a m i c s  and  in  

m a g ~ e t o h y d r o d y n a m i c s  t h e  p r o b l e m  r e d u c e s ,  i n  a 

n u m b e r  of  e a s e s ,  to  a d i f f e r e n t i a l  e q u a t i o n  of  h i g h e r  
t h a n  s e c o n d  o r d e r  [1, 2].  In  p a r t i c u l a r ,  t h e  e a s e  w h e n  

t h e  c o e f f i c i e n t  of  t h e  (n - 2) d e r i v a t i v e  in  a n  n - t h  o r -  

d e r  d i f f e r e n t i a l  e q u a t i o n  v a n i s h e s  a t  s o m e  p o i n t  in  
t h e  c o m p I e x  X p l a n e  p l a y s  a s p e c i a l  p a r t .  In  t h i s  c o n -  

n e c t i o n  a n  i n v e s t i g a t i o n  of  t he  d i f f e r e n t i a l  e q u a t i o n  

a~2@ v - -  ~u2 (x)qJ' q- u 1 (x)q~ = 0 (1 .1 )  

w a s  u n d e r t a k e n  in  [3, 4] w i t h  two s m a l l  p a r a m e t e r s :  

p t he  " q u a s i - c l a s s i c a l "  s m a l l  p a r a m e t e r  c h a r a c t e r i z -  
i ng  a w e a k l y  i r r e g u l a r  m e d i u m ,  cr a n o t h e r  s m a l l  p a -  

r a m e t e r  ( a s s o c i a t e d ,  f o r  e x a m p l e ,  w i t h  t he  i n f l u e n c e  

of  w e a k  v i s c o s i t y ) ;  we  n o t e  t h a t  ~ and  /? m a y ,  in  p a r -  

t i c u l a r ,  b e  e q u a l  to  u n i t y .  T h e  c o e f f i c i e n t s  u2, u I ~ 1, 

e x c e p t  a t  t h o s e  p o i n t s  w h e r e  t h e y  b e c o m e  z e r o .  

In [3, 4] particular attention was paid to the influence of "inter- 
section" points in the solutions on the nature of the oscillation spectra. 

In particular, close to the point u2 = O, there are two "intersection" 

points of the solutions, and the distance between them, proportional to 

the parameter c~/;~ s, determines the dimension of the singular region in 

the case in question. The methods of solution have been classified ac- 

cording to the parameter c~/B z, particular attention being paid to the 
case c~/5 z >> 1, when the method of phase integrals may be employed 
in order to pass around each singularity separately, since the distance 
between points where the solutions intersect is large compared with 
the characteristic wavelength of the intersecting solutions. 

In the present paper it will be shown that by using Laplace's meth- 
od in association with the analytic properties of the solutions it is pos- 
sible, from a single viewpoint, to investigate the problem for any 
values of the parameter c~/~ a. It was noted in [3] that in accordance 
with the remits of [5] we must expect an anomalous transition from 
one solution to another in some region of the complex X plane close 
to the point u2 = 0, and also for (a /~ 2) << 1. As will be clear from 
what follows, ~his is associated with the fact that the solutions possess, 
in a known sense, identical asymptotic properties for arbitrary values 
of c~/g z. For simplicity, we confine ourselves to fourth-order differ- 
ential equations. 

We s h a l l  c o n s i d e r  t h e  d i f f e r e n t i a l  e q u a t i o n  

~0IV .@ ~2 (X~ ' '  -~ UI0~0) = 0 (1 .2 )  

w h i c h  w a s  i n v e s t i g a t e d  in  [6] f o r  l a r g e  v a l u e s  of  t h e  

: p a r a m e t e r  it. I t  w a s  s h o w n  in  [3] t h a t  ( 1 . 1 )  m a y  be  
r e d u c e d  t o  a s i m i l a r  f o r m  c l o s e  to t he  p o i n t  u 2 = 0, 
w h i l e  i t2= p2/c~. 

U s i n g  L a p l a e e ' s  m e t h o d ,  we w r i t e  t he  s o l u t i o n  of  

Eq .  (1 .2 )  a s  

q)(x) = f t_2exp(tx__ ~_}_ulo ~-)~-'-)dt. (1 .3 )  

J u s t  a s  in  [6], we c h o o s e  t he  c o n t o u r  C as  s h o w n  

in  t he  f i g u r e .  T h e  e n d s  of t h e  c o n t o u r s ,  w h i c h  go off  

to  i n f i n i t y ,  l i e  in  s e c t o r s  of  t h e  t p l a n e  w h e r e  Re  (t~ / 
/it2) < 0. T h e n ,  in  a c c o r d a n c e  w i t h  C a u c h y ' s  t h e o r e m ,  

we  h a v e  t h e  f o l l o w i n g  r e l a t i o n  b e t w e e n  t he  s o l u t i o n s :  

A 1 - ~ A :  ~ - A s  = V ,  u s - - u 2  = A I '  ( 1 .4 )  

ul - -  u~ = A 2 . 

We s h a l l  d e t e r m i n e  t h e  b e h a v i o r  of  t h e  s o l u t i o n s  

i n d i c a t e d  a b o v e  on t h e  r e a l  a x i s  X f o r  s m a l l  v a l u e s  
o f  t h e  p a r a m e t e r  X. F i r s t  of  a l l ,  we  s h a l l  c o n s i d e r  

t h e  s o l u t i o n  V. On c a l c u l a t i n g  t h e  r e s i d u e  f o r  t = 0, 

we  o b t a i n  

co 
V = 2 n i  Y l ( 2 l / ~ ) q - ~ J s  .... ( 2 V ~ ) I  

n=l 

(a = -  (1. a) 
\[110 / / " 

T h e  s u m m a t i o n  in  e x p r e s s i o n  (1 .5 )  m a y  b e  n e -  

g l e c t e d  a t  s u f f i c i e n t l y  l a r g e  v a l u e s  of  x, w h e n  }a { >> 1, 
and  t h e  e x p r e s s i o n  p a s s e s  i n to  t h e  c o r r e s p o n d i n g  e x -  

p r e s s i o n  o b t a i n e d  in  [6].  

We s h a l l  now c o n s i d e r  t h e  s o l u t i o n s  A k.  M a k i n g  

t h e  c h a n g e  of  v a r i a b l e  t---- kx'/o(~, we h a v e  

ulO 
~ (1.6) 
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We see f rom (1.6) that  in the case  where  ~ >> 1, 
the t e r m  u~o(~ -~ / ~x'/~ of the exponent ia l  may be neg lec t -  
ed, so that fu r the r  ca lcu la t ions  a re  quite s i m i l a r  to 
those c a r r i e d  out in  [6]. S imi l a r  a r g u m e n t s  may  be 
brought  forward as r ega rds  the solut ions  U k. We now 
give the asympto t ic  exp re s s ion  for  Aa on the rea l  axis  

A ~  V ~L-%e-'l~' ~-~2-)~ 3~. -'I, e~, a r g  x : - ~, 

arg x = 0, ~ = i~x ' /~ .  

We note that the exp re s s ions  given here  coincide 
with those obtained by the method of phase i n t eg ra l s .  
In the sec to r  argx=~r+l/3yu, [71< t the solut ion A 3 be -  
haves  as the mos t  rap id ly  descending  solut ion and 
does not conta in  "admix tu res"  of o ther  solut ions .  In 
the sec to r  arg x = 2/37u, within the l imi t s  of e r r o r  of 
the saddle point  method, the solut ion V has no effect 
on the behav ior  of A 3. 

Final ly ,  on the l ine x > 0 both types  of solut ion 
a re  pu re ly  o sc i l l a to ry  and have a "weak" d i f ference  
of o rde r s ,  expres sed  in  powers  of x and ~. One ea s -  
i ly  notes  that c lose  to the l ines  Ck, sa t i s fy ing  the con- 
di t ion arg x = q/an (k - -  2), t e r m s  having the form of 
solut ions  of type V at tach themse lves  to the solut ions  
A k (which a re  pu re ly  osc i l l a to ry  on these  l ines) .  This  
is assoc ia ted  with the d ispos i t ion  of the saddle points  
and the l ines  of descen t  re la t ive  to the contours  of the 
solut ions,  which d e t e r m i n e s  what poss ib i l i t i e s  we 
have of deforming  the contour  in  the sec to r  of the 
l ines  of descent .  Close to the l ines  Ck the saddle points  
t,, 2~" -- k2x fall on the b o r d e r  of the unshaded r e -  
gions,  and the con tour  C(Ak) is  deformed into l ines  
pas s ing  through al l  the saddle points .  We note that  
for  solut ions  of the type U k, in view of t he i r  l e s s e r  
degree  of growth, the re  ex i s t s  a sec tor  in the x plane 
in  which the re  is  an admix tu re  of i n c r e a s i n g  (or pu r e -  
ly osc i l l a to ry)  Ak, s ince  i t  is imposs ib l e  to e l imina te  
the inf luence of the saddle points  ti, 2 by deforming  
the contour .  Since the asymptot ic  fo rms  a re  s i m i -  
l a r  for k << 1 and X >> 1, in both the cases  indicated 
the ru les  for f inding the f requency  spec t rum for  f inite 
solut ions a re  s i m i l a r  to those obtained in  [3]. 

Of course ,  the boundary  condi t ions  on the wal ls  
may lead to o ther  ru l e s  for  locat ing the f requenc ies  
and, in pa r t i cu l a r ,  may  violate  the s t rong  l ink between 
the solu t ions .  

We note that in the case  unde r  cons ide ra t ion  both 
k I - k 2 and k~ + k 2 exper ience  b ranch ing  in  the neigh-  
borhood of the s ingu la r  reg ion  u 2 = 0. Here kl(x ), k2(x) 
the wave vec tors  of the b ranch ing  solut ions a re  eas i ly  
de te rmined  f rom (1.1). In the case  where  only k 1 - k 2, 
for example,  exper iences  branching ,  and the b r a n c h -  
ing points a re  not s i tuated on the rea l  axis, the r e l a -  
t ion  between the so lu t ions  becomes  weaker  [7]. 

2. Before pa s s ing  to concre te  appl ica t ions  of the 
theory,  we shall  make some fu r the r  obse rva t ions .  
F i r s t l y ,  it  follows f r o m  the foregoing d i scuss ion  that  
the re  is  no nece s s i t y  to inves t iga te  the size of the 

" r e sonance"  reg ion  between the " in te r sec t ion"  points  
of the solut ions,  s ince  the osc i l l a t ion  spec t rum of 
f in i t e  solut ions does not depend on this  when the point 
u 2 = 0 is p r e sen t .  All that  i s  r equ i red  is  that  thewidth  
of the " r e sonance"  reg ion  should be Small compared  
with the width of the "hole" in  which the finite solut ion 
is  local ized;  however  the width of the "hole" is  equal 
to ~ R  (R is  the c h a r a c t e r i s t i c  d imens ion  of an inho- 
mogeneity) ,  and the d imens ion  of the " resonance"  r e -  
gion is  ~R4-~'~. Thus the l a t t e r  r e q u i r e m e n t  is  i n  fact 
a lways fulf i l led.  Moreover ,  s ince in concre te  p rob -  
l ems  the coeff icient  u 2 is ,  gene ra l l y  speaking, a func-  
t ion of frequency,  the d i spos i t ion  of the points  u 2 = 0 in 
the complex X p lane  plays an impor t an t  par t .  If the 
points  u 2 = 0 a r e  s i tuated remote  f rom the rea l  axis 
(this is  usua l ly  the case  if Re w ~ Im ~), and finite 
solut ions  of (1.1) exis t  on the rea l  axis,  c o r r e s p o n d -  
ing to a given frequency,  then the points  u 2 = 0 exer t  
a weak inf luence on such solut ions .  Put t ing  it  another  
way, the theory  cons ide red  he re  is,  gene ra l ly  speak-  
ing, appl icable  to the case  

Im o) ~ Re r . 

We also note that  s i ngu la r i t i e s  of the type of " in t e r -  
sect ion" of solut ions or  " r e v e r s a l  points"  will  exer t  
an inf luence on a d i s tu rbance  in  the .form of a wave-  

packet  if 

d(Re ~) im~ in A dk ~m > ,L"  

Here L is  the d i s tance  f rom the place where  the 
packet  is  local ized to the region where  the g e o m e t r i -  
ca l -op t i cs  approx imat ion  is  v iola ted,  A m i s  the a m -  
pli tude of the in i t i a l  "noise"  in  the medium,  A is  the 
ampl i tude  of the d i s tu rbance  in the non l inea r  mode.  
Otherwise  i t  i s  not n e c e s s a r y  to al low for  non l inea r  
effects.  

We shal l  now cons ide r  the effect of a f inite ion 
L a r m o r  radius ,  and also of ion - i0n  v i scos i ty  on the 
development  of p l a sma  ins t ab i l i t i e s  in a magnet ic  field 
as a r e su l t  of the longi tudinal  c u r r e n t  [8, 9]. The equa-  
t ion for  the pe r tu rbed  quant i t ies  has the following form 
[9, 10]: 

Here 

a = (kvr~) ~ , 

cToi t dn o 
$ ) i = k y - ~ o  no dx ' 

k cT~ 1 dno 
O)e = ~ ~ no dx ' 

, k  z 2 (t)s= (~y) 03HIfDHeve 

x l~i /0C dz il (2.2) 
% = ~-o' ~Oo = kZ 1to~ii 2 d~ �9 

The following notat ion has been  int roduced in (2.1) 
and (2.2): ky, k z the components  of the wave vec to r  
on the y and z axes,  r e spec t ive ly ;  r i the ion L a r m o r  
rad ius ;  H 0 the magne t ic  field d i rec ted  along the z axis ;  
Toe , T0i , a~He, ~0Hi the e lec t ron  and ion t e m p e r a t u r e s  
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and L a r m o r  f requenc ies ,  r e spec t ive ly ;  J0 the in i t i a l  
longi tudinal  c u r r e n t ;  ~ l] the longi tudinal  conduct ivi ty;  
~e, ~i the co l l i s ion  f r equenc ie s  of e l ec t rons  with ions 
and ions with ions,  r e spec t ive ly ;  n o the unper tu rbed  
densi ty ;  e the e lec t ron ic  charge ;  c the veloci ty  of 
l ight;  ~ the e l ec t ron ic  t h e r m a l  conduct ivi ty .  It is con-  
ven ien t  to c a r r y  out qual i ta t ive  inves t iga t ions  of s t a -  
b i l i ty  with the help of the r e l a t ion  [10] 

Im (u I ~- [u~ ]k I ~) -- 0, 

Re (a~k~: ') - -  Re (ul + ~u~k~ ~) = O, (2.3) 

wr i t t en  for some point  x(P) in  the region of l oca l i za -  
t ion of ~(x) for (1.1). Instead of k x in (2.3) e i the r  k~ 
or  k 2 i s  taken, depending on the summed cont r ibu t ion  
of modes  in the s tab i l i ty  c r i t e r i o n  k~ / k~ ~ ~ F i r s t  
of all, we shall  de t e rmine  how a f ini te  ion L a r m o r  r a -  
dius in f luences  the ins t ab i l i ty  due to the longi tudinal  
c u r r e n t  if the coeff ic ient  of the second der iva t ive  does 
not vanish .  In th is  case  we need not take into account  
the fourth der iva t ive  in Eq. (2.3). Cons ide r ing  for 
s impl i c i ty  the case  when 0~ 0 >> ~s ,  ~0~, av~, ~k~ ~, we ob- 
ta in  f rom (2.3) 

~,,~ = ~ / ~  • ~/~ V ~  ~ - -  4~0~..  (2.4) 

We see f rom (2.4) that  it is  poss ib le  to s tab i l ize  
the c u r r e n t  i n s t ab i l i t y  due to the finite s ize  of the ion 
L a r m o r  rad ius  if 

~2 ~ 4~0~. 

Now if there is a point u 2 = 0 in the neighborhood 
of the real axis, then the influence of k 2 "modes n will 
be substantial. We then obtain the following stabiliza- 
tion condition from (2.3) 

i. e., the stabilization condition is notably improved. 
We shall now calculate the effect of ion-ion viscos- 

ity which corresponds to the term ~vi. Then on condi- 
tion that ~2 >> 4a)00) s (from which, in particular, there 
follows the stabilization of the usual current instabil- 

ity), and also that ~o i >> a~i, we have from (2.3L when 

the four[h de r iva t ive  may  be neglected,  

We see f rom (2.5) that  the s imul t aneous  taking into 
account  of the longi tudinal  cu r ren t ,  the Iinite size of 
the ion L a r m o r  rad ius  and the i on - ion  v i scos i ty  leads  
once again to an ins t ab i l i ty  with a smal l  i n c r e m e n t  
( Im 0~ ~ ]/-~0co----~ ). When points  u 2 = 0 a re  p r e s e n t  it 
follows I r o m  (2.3) that Re w and Im w a re  d iminished  
by a factor  of ~, but the ins tab i l i ty  r e m a i n s .  

We a re  gra teful  to G. M. Zas lavsk i i  and R. Z. 
Sagdeev for useful  d i s cus s ions .  
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